The point spread function (PSF) inconsistency caused by temperature variation leads to artifacts in decoded images of a wavefront coding infrared imaging system. Therefore, this paper proposes an analytical model for the effect of temperature variation on the PSF consistency. In the proposed model, a formula for the thermal deformation of an optical phase mask is derived. This formula indicates that a cubic optical phase mask (CPM) is still cubic after thermal deformation. A proposed equivalent cubic phase mask (E-CPM) is a virtual and room-temperature lens which characterizes the optical effect of temperature variation on the CPM. Additionally, a calculating method for PSF consistency after temperature variation is presented. Numerical simulation illustrates the validity of the proposed model and some significant conclusions are drawn. Given the form parameter, the PSF consistency achieved by a Gematerial CPM is better than the PSF consistency by a ZnSe-material CPM. The effect of the optical phase mask on PSF inconsistency is much slighter than that of the auxiliary lens group. A large form parameter of the CPM will introduce large defocus-insensitive aberrations, which improves the PSF consistency but degrades the room-temperature MTF.
Introduction
Infrared imaging systems are widely used in the areas of military, space exploration and security surveillance. However, the thermal defocus aberration caused by the environmental temperature seriously affects the performance of infrared imaging system. In order to work well over a wide range of environmental temperatures, the infrared imaging system should take athermalization into account at stages of designing and developing infrared imaging systems [1] [2] [3] [4] .
Many existing approaches attempt to achieve the athermalization of infrared imaging systems, including the mechanically active method [5] , the mechanically passive method [6] , and the optical passive method [7] . By contrast, the advantages of wavefront coding imaging techniques over those methods include loosing manufacturing tolerances for some optical and mechanical elements, avoiding the use of less desirable and exotic infrared materials, and reducing time consumption for adjusting focus [8] [9] [10] . Therefore, the research on wavefront coding imaging technique applied to athermalization attracts much attention in the area of advanced imaging systems [11] [12] [13] [14] [15] .
The wavefront coding imaging system performs the wavefront modulation of the incident rays by mounting a purposely designed phase mask in a pupil and then a decoded image is obtained by reconstructing a coded blurred image [16] . For the athermalization of a wavefront coding infrared imaging system, the form parameters of the optical phase mask are purposely designed to keep the PSFs proximately consistent over a wide range of environmental temperatures. This PSF consistency provides convenience for digital coding because the coded blurred image at different temperatures can be readily decoded by a room-temperature PSF.
However, temperature variation results in the PSF inconsistency and thermal noise. Noise amplification as a function of temperature variation after digital decoding is previously reported [12] . Therefore, this paper focuses on the temperature variation on PSF consistency in wavefront coding infrared imaging system. With the temperature variation of the wavefront coding optical system, the physical and optical properties of both the optical phase mask and the auxiliary lens group will be changed. Which factor is mainly responsible for PSF inconsistency, the optical phase mask or the auxiliary lens group? How does the temperature variation affect the PSF inconsistency? Such problems remain unanswered. Therefore, this paper proposes an analytical model for the effect of temperature variation on the PSF consistency.
The rest of this paper is organized as follows. Section 2 proposes the analytical model for the effect of temperature variation on the PSF consistency. In Section 3, numerical simulations are performed to demonstrate the proposed model and some significant conclusions are drawn.
2.
Analytical model for effect of temperature variation on PSF consistency 2.1. Problem Fig. 1 illustrates the procedure of a wavefront coding infrared imaging system. The wavefront coding technique performs the wavefront modulation of the incident rays by mounting a purposely designed optical phase mask in the pupil of an optical system, and then the coded blurred image are digitally decoded to output a decoded image with sharpness [16] .
The optical coding can be given by, where δ stands for a two-dimensional impulse function and T 0 represents the room temperature. As shown in Fig. 2 , the phenomenon indicates that the PSF inconsistency causes artefacts in decoded images. With the increasing deviation of the changed-temperature PSF from the room-temperature PSF, the artefacts in decoded images are increasingly serious. Therefore, this paper proposes an analytical model for the effect of temperature variation on the PSF consistency in a wavefront coding infrared imaging system.
Formula for thermal deformation of an optical phase mask
Temperature variation affects a wavefront coding infrared optical system in terms of thermal expansion and thermal refraction. The thermal expansion directly results in thermal deformation of its lenses.
A wavefront coding infrared optical system mainly consists of an optical phase mask and a few auxiliary lenses (excluding an optical phase mask). In this paper, those auxiliary lenses are totally called auxiliary lens group. Usually the auxiliary lenses are spherical. The thermal deformation of a spherical lens is widely reported [17] . Thermal deformations for its central thickness, radius, and refraction can be separately listed as [17, 18] ,
where ε represents the thermal expansion coefficient of the optical material, n is the refractive index, γ is the thermal refractive index coefficient and ΔT is the volume of temperature variation.
For designing an infrared optical system, the hypothesis for a linear thermal deformation of infrared materials is widely reported [17] [18] [19] , and is in-line by some commercial optical design codes such as ZEMAX [20] . Based on the same hypothesis, this paper pays attention to the derivation of a formula for thermal deformation of an optical phase mask. Commonly, the shape of an optical phase mask is circular and therefore the thermal deformation can be decomposed in axial and radial directions in the following.
As shown in Fig. 3 , the optical phase mask has two sides. The Surface S2 is plane, expressed by z¼0. The Surface S1 is free-form, represented by
where c 0 is the central thickness.
1) Thermal deformation in axial direction
Assuming that the thermal deformation is linear, thermal deformation of an optical phase mask in axial direction is represented as,
where ε represents the thermal expansion coefficient of the optical material, ΔT denotes the volume of the temperature variation, Δz axis represents the component of the thermal deformation in axial direction. 2) Thermal deformation in radial direction For a point with a distance of r from the axis of lens, the component of the thermal deformation in radial direction is expressed as,
Thermal deformation Δr can be decomposed into X and Y components, which can be expressed respectively,
, , represent the coordinates of an arbitrary position on surface S1. After thermal deformation, this position will move to new coordinates of ( ′ ′ ′)
x y z , , and the new coordinates can be written as 
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Substitution of Eq. (13) into formula of Eq. (7) yields a formula for the thermal deformation,
A cubic phase mask is widely researched and its form expression is written as,
where α is the form parameter, x and y are the coordinate normalized by the radius of clear aperture. By means of Eq. (14), the expression for a cubic phase mask after thermal deformation is given by
Obviously, it can be concluded that the new form is still cubic. The thermal deformation is directly related to the thermal expansion coefficient ε, the form parameter α and the volume of temperature variation ΔT .
The form errors caused by the thermal deformation can be expressed as follows
where ′ z 0 denotes the original cubic form before thermal deformation.
The thermal deformation of CPM is one of the aspects which affect the optical path of a wavefront coding optical system. The following subsection will combine the thermal deformation and refractive index to make a further research.
Equivalent CPM
Let n stand for the refractive index at the room temperature. Thus, the refractive index at the changed temperature n c can be represented by
where γ is the thermal refractive index coefficient. Optical phase mask is mounted in the pupil of infrared optical system. After the temperature is changed, the optical path (OP) caused by the phase mask is expressed as [21] = ( − ) ( ) 
The right-side expression contains four terms with different physical meanings. The first term ( − ) ′ n z 1 0 represents the purposely introduced OP caused by the optical phase mask at the room temperature; the second term ( − )Δ ′ n z 1 represents the OP caused by the thermal deformation; the third term γ⋅Δ ⋅ ′ T z 0 denotes the OP caused by the variation of the thermal refractive index; the fourth term denotes the common result of the thermal expansion and refractive index.
Let G 0 represent the original OP caused by an optical phase mask at room temperature, given by,
Let ΔG denote the additional OP caused by the temperature variation, which is given by
Substituting Eq. (15) and Eq. (17) into Eq. (22), we can obtain,
The additional OP caused by temperature variation can be equivalent to an OP caused by mounting an equivalent cubic phase mask (E-CPM) in the pupil of the optical system. The form expression of E-CPM is written as
and its form parameter α eqt is given by
and its central thickness c eqt is given by
Significant in physical meaning, the proposed E-CPM is a virtual and room-temperature lens which characterizes the optical effect of temperature variation on the CPM. Accordingly, the OP caused by E-CPM can be expressed as
On the right side, the first term that affects the optical path difference (OPD) of the incident rays is denoted by ΔG OPD and the second term that changes the focus position of the original optical system is denoted by ΔG defocus .
Calculation of PSF consistency after temperature variation
By means of Eq. (21) and Eq. (23), a general pupil function of a wavefront coding infrared optical system can be written as, 
where ξ η f f , denote the spatial frequency, λ is wavelength and d is the distance from a pupil to a focal plane. 
Correlation coefficient is previously utilized to calculate similarity of PSF for different defocus aberration in wavefront coding imaging system [22] . This paper uses it to measure the PSF consistency between the changed-temperature PSF and the room temperature PSF, which can be represented as follows,
where C psf denotes the value of PSF consistency, Astands for the changed-temperature PSF matrix, B stands for the room temperature PSF matrix, m and n are subscripts,ĀandBare respectively their mean values.
Numerical simulations

Validation of thermal deformation formula
The proposed model is based on thermal deformation and optical theory. The classical optics theory strongly supports our analytical model, but the thermal deformation needs to be validated. Therefore, we will use the numerical simulation to validate the derived formula for thermal deformation. As pointed by Eq. (16), the form parameters after thermal deformation can be calculated if those parameters such as the form parameter α, thermal expansion coefficient ε, the volume ΔT of temperature variation are known.
Typical infrared materials are Si, Ge and ZnSe and their thermal expansion coefficients are listed in Table 1 . Additionally, a cubic phase mask made of ZnSe material is designed with a form parameter α of 60 um, a clear-aperture diameter of 20 mm and a central thickness z 0 of 4 mm.
ZEMAX Optical Design Software can also perform thermal deformation analysis of an optical phase mask. By its surface type "Lens Design Editor" and "Extended Polynomial", the form parameter α and central thickness z 0 of a cubic phase mask can be loaded. Its multi-configuration operand "TEMP" is used to change the ambient temperature from À 40°C to þ70°C.
Based on those given parameters, Table 2 shows a comparison between the simulated results by Optical Design Software ZEMAX [20] and the results calculated by Eq. (16). Our results are identical to ZEMAX's result, which proves the validity of our derived formula for thermal deformation.
Equivalent CPM
Similar with the above the subsection, a cubic phase mask with a clear-aperture diameter of 20 mm, a thickness of 4 mm, a form parameter of 60 um, and its temperature variation from þ20°C to þ70°C and from þ20°C to À 40°C is assumed by us. By Eq. (25) and Eq. (26), the E-CPMs at À 40°C and þ70°C are respectively calculated.
At the temperature of À40°C, equivalent parameters are α = eqt À0.10550 um and = c eqt À 12.13434 um, with a sag map shown in Fig. 4(left) . Its sag peak-to-valley (PV) is 0.211 um and its central thickness is À 12.13434 um. Because E-CPM is a virtual lens, the negative value of its central thickness is acceptable. This case means the CPM at a decreasing temperature from þ 20°C to À40°C equivalently removes an E-CPM lens from the CPM at þ20°C.
At the temperature of þ 70°C, equivalent parameters are α = eqt þ0.08776 um and = c eqt þ10.11874 um, with a sag map shown in Fig. 4(right) . Its sag PV is 0.17552 um and its central thickness is þ10.11874 um. This case means the CPM at an increasing temperature from þ20°C to þ70°C equivalently adds an E-CPM lens to the original CPM at þ20°C.
PSF consistency
In order to further demonstrate the PSF consistency, a wavefront coding infrared imaging system (in Fig. 5 ) is designed. Its specification includes a focal length f¼ 70 mm, F/2.0, a full field of view (FoV) of 9.9 Â 7.4°, operating wavelength of 8-12 um, and integrating with an uncooled, long-wave infrared FPA of 320 Â 240 pixels on a 38 um pitch.
The wavefront coding optical system includes four pieces of lenses. The third piece is the optical phase mask. The rest three lenses are taken as a group of lenses which are totally called auxiliary lens group. All the auxiliary lenses are made of Ge material and their surfaces are spherical. The cubic phase mask is mounted in the pupil of the wavefront coding infrared optical system. The cubic phase mask has two sides. The front side is plane and the back side located in a pupil is cubic. If the back side of the optical mask is replaced by a plane surface, this system could be regarded as a conventional infrared optical system. Simulation Item 1: We simulate the optical effect of materials of an optical phase mask on the PSF consistency for a series of form parameters.
Infrared material coefficients are given in Table 1 . Optical lens parameters are given in Table 3 . Optical path caused by E-CPM is calculated by Eqs. (25)-(27). The changed-temperature PSF is calculated by Eqs. (28)-(30). The PSF consistency between the changed-temperature PSF and the room temperature PSF is calculated by Eq. (31).
As shown in Fig. 6 , the simulated data prove that a Ge material phase mask achieves better PSF consistency than a ZnSe-material phase mask does.
The reason is explained subsequently. By means of an E-CPM, we can easily calculate the maximum OPD and defocus-related OP which are equivalently caused by the E-CPM. The maximum OPD is the product (n-1) and the PV of the E-CPM. The defocus-related OP is the product of (n-1) and the central thickness of the E-CPM. Given the form parameter of 60 um, we calculate
equivalently caused by E-CPM, with results shown in Table 4 . A larger amount of aberrations purposely introduced by an optical phase mask tend to achieve better PSF consistency [16] . As shown in Table 4 , an OP caused by temperature variation of a Gematerial CPM is great larger than an OP caused by temperature variation of a ZnSe-material CPM. Therefore, a Ge-material CPM tends to achieve better PSF consistency than a ZnSe-material CPM at different temperatures.
Simulation Item 2: We compare the thermal effects of an optical phase mask and its auxiliary lens group to determine which factor is mainly responsible for PSF inconsistency.
Optical lens parameters (see Table 3 ). Optical path caused by E-CPM is calculated by Eqs. (25)-(27) and the changed-temperature PSF is calculated by Eqs. (28)-(30) . The PSF consistency between the changed-temperature PSF and the room temperature PSF is calculated by Eq. (31).
The designed numerical simulations consist of four groups according to the form parameter. In each group, three cases of temperature variation are listed in Table 5 .
The simulated results in Fig. 7 lead us to conclude that the effect of an optical phase mask on PSF inconsistency is much slighter than the effect of an auxiliary lens group.
The consequence of temperature variation on lenses falls into two categories of aberration and defocus.
As for the auxiliary lens group, the temperature variation causes the aberration and defocus. The previous research proves the thermal defocus take the initiative compared with the aberration [18] . For the designed optical system in Fig. 5 , the focal depth of an auxiliary lens group without an optical phase mask is about 80 um. Its thermal defocus from þ20°C to þ70°C is about 500 um and its thermal defocus from þ20°C to À 40°C is about 600 um. Obviously, its thermal defocus is much larger than its focal depth. As far as the CPM, the optical path difference OPD caused by temperature variation is much less than the wavelength of incident rays. As a result, the component hardly affects the OPD of the incident rays. The defocus-related component of E-CPM much less than the focal depth and its defocus effect are slight.
Therefore, the effect of the optical phase mask on PSF inconsistency is much slighter than that of the auxiliary lens group.
The conclusion shows the thermal defocus of the auxiliary lens group is the major factor for the PSF inconsistency. This predicts a reduction of the thermal defocus of auxiliary lens group will improve the relative ratio of the defocus-insensitive aberration introduced by an optical phase mask and accordingly improve the PSF consistency.
Simulation Item 3:
We simulate and analyze the effect of the form parameter of a cubic phase mask on PSF consistency and The subsequent numerical simulations include additional three items:
MTF. Optical lens parameters (see Table 3 ). Optical path caused by E-CPM is calculated by Eqs. (25)-(27) and the changed-temperature OTF is calculated by Eq. (29). Then, the changed-temperature MTF (@13cycles/mm) is readily obtained.
The simulated results in Fig. 6 also indicate that the PSF consistency is improved as the form parameter increases both at þ70°C and at À 40°C. With the increasing value of the form parameter of an optical phase mask, the aberration and defocus of the auxiliary lens group stay unchanged, but more defocus-insensitive aberrations are introduced by the optical phase mask. The relative effect caused by the auxiliary lens group is reduced. As a result, the PSF consistency is improved. Fig. 8 simulates the effect of the form parameter on the modulation transfer function (MTF) of the optical system. The simulated result proves that the increase of the form parameter α will reduce the MTF of wavefront coding optical system. With the increasing value of the form parameter, the aberration and defocus of the auxiliary lens group stay unchanged, but more defocus-insensitive aberrations are introduced. As a result, the total aberrations become large and the MTF of the optical system degrades.
In summary, a combination of the proposed analytical model and numerical simulations leads us to draw the following conclusions:
(i) A Ge material CPM achieves better PSF consistency than a ZnSe-material does.
(ii) In a wavefront coding optical system the effect of an optical phase mask on PSF inconsistency is much slighter than effect of the other IR lenses.
(iii) The increase of the form parameter improves the PSF consistency but degrades the MTF of the wavefront coding optical system.
Conclusion
This paper proposes an analytical model for the effect of temperature variation on the PSF consistency. In the proposed model, a formula for the thermal deformation of an optical phase mask is derived. This formula indicates that a cubic optical phase mask (CPM) is still cubic after thermal deformation. The proposed equivalent cubic phase mask (E-CPM) is a virtual and room-temperature lens which characterizes the optical effect of temperature variation on the mounted CPM. The calculating method for PSF consistency after temperature variation is presented. The proposed analytical model is demonstrated by numerical simulations and some conclusions are drawn. A Ge material CPM achieves better PSF consistency than a ZnSe-material CPM does. The effect of the optical phase mask on PSF inconsistency is much slighter than that of the auxiliary lens group. The increase of the form parameter improves the PSF consistency but degrades the MTF of the wavefront coding optical system.
There are two approaches to improve the PSF consistency over a large range of ambient temperatures. One approach is to athermalize the auxiliary lens group, but this approach will increase the complication of the design of auxiliary lens group. The other approach is to increase the value of form parameter, but this approach will degrade the MTF of the wavefront coding optical system. Therefore, based on the proposed model, an effective approach which can strike a better balance between PSF consistency and large MTF deserves further research.
Our model can be applied to digital decoding of a wavefront coding infrared imaging system. When Wiener filtering is used to decode an intermediate image, both the PSF and the noise need to be considered. For a realized wavefront coding imaging system which takes Wiener filtering as its decoding method, our model can calculate the changed-temperature PSF as an initial PSF kernel of Wiener filtering, which helps to reduce the PSF inconsistency resulting from temperature variation. Table 5 Three cases of temperature variation.
Temperature Variation Explanation
Case 1
The temperature of the auxiliary lens group varies from À 40°C to þ 70°C, while the temperature of the optical phase mask remains þ 20°C. Case 2
The temperature of the optical phase mask varies from À 40°C to þ70°C, while the temperature of the auxiliary lens group remains þ 20°C. Case 3
The temperatures of both the optical phase mask and the auxiliary lens group vary from À 40°C to þ 70°C. 
